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First experiments (2004):

Colombe, B. Mercier, H. Perrin, and V. Lorent,
Phys. IV 116, 247 (2004).

Colombe, E. Knyazchyan, O. Morizot, B. Mercier, V. Lorentand,

and H. Perrin, EPL 67 593 (2004)
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Recent experiments in space (2021):

&— initial temperature

= A=Oiz _____+50 kHz

bubble size ————————%

+110 kHz

R. A. Carollo, D. C. Aveline, B. Rhyno, S. Vishveshwara, C.
Lannert, J. D. Murphree, E. R. Elliott, J. R. Williams, R. J.
Thompson, N. Lundblad, Nature 606, 281 (2022)
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How does a system behave when it lives
on a surface?

How does it affect the bubble trap
experiments?
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Curvature measures how fast the
normal vector changes:
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Sectional curve: _
Curvature of this curve: k

Principal curvatures:

Ky =MiNkK, K, =mMmaxk

. Gaussian curvature: K = kqk
Figure: Lia v Noteg o

Gauss's Theorema Egregium: there is no need to use normal vectors

to derive the Gaussian curvature.
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Euclidean Geometry (300 BCE):

1) Line Segment Connection
2) Extension

3) Circle Construction

4) Congruence of Right Angles
5) The Parallel Postulate

Riemannian Geometry (1854)
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2D Gross-Pitaevskii equation for equilibrium

Uap® = __V%qu +[Vgeom¢ + Vextgb]"l' 92D|¢|2¢

2m

Thomas-Fermi solution for uniform confinement:

Hop — Vgeom B 1 L h?
92D gZD H2p SM

|§b|2 = (k1 — K3) )

The atoms accumulate where the difference between principal curvatures is higher.
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Geometric potential on prolate ellipsoids
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Experiments:

a A-okHz

+50 kHz +110 kHz

025

€&—— \initial temperature

R. A. Carollo, D. C. Aveline, B. Rhyno, S. Vishveshwara, C.
Lannert, J. D. Murphree, E. R. Elliott, J. R. Williams, R. J.
Thompson, N. Lundblad, Nature 606, 281 (2022)

Numerical results on
prolate ellipsoid:

, Z[um]

100 0 100
X [um]

A. Tononi, F. Cinti, L. Salasnich
Phys. Rev. Lett. 125, 010402 (2020)
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dimensional reduction of
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Oliveira and Méller, AVS Quantum
Science 7, 033203 (2025)
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* We summarize each section at its beginning and ending;
* We highlight key equations that allow the flow of reading;

* We use only basic Math:

o Differential and Integral Calculus;

o Basic notions of Dirac delta.



Gaussian normal coordinate system:

d=p+a'n

Metric: g(xt.2?) = g(2' = 0,2',2?)
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Gaussian normal coordinate system: Metric:
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Gaussian normal coordinate system: Metric:
q=p+ 1 0 0
G=1| 0
1.2
o | 9t a®)

Metric determinant — Jacobian

dV = Vdet Gda'dx' dx?



Confinement potential:

V(zlat a?) = Miwo + w;(:nl,xz)]Q () © (:j_;) =© ([%] _2)
o(#57) -0
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and consider only terms of order O ([%] )
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We obtain that: Sy(z°) 202 o172 p50( ) (") Tr o

Inspired by C. Lammerzahl, A Hamilton operator for quantum optics in gravitational fields,
Physics Letters A 203, 12 (1995)
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Second step: with the above ansatz, consider the 3DGP terms of order © ([%] )

. 0 1 2
we obtain: (20 zt, 2?) = G )[(ﬁ(x L )] Two-dimensional
\/ (1+ £12°)(1 + Kaa?) wave function




In the third order, the 3ADGP becomes:

h’ K h’
P YT PR
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In the third order, the 3ADGP becomes:
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In the third order, the 3ADGP becomes:
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o e~ @720 Consider the limit of L
G(@") = NG perfect confinement: ¢

(Infinitely thin Gaussian.)
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This limit is not well defined: But this (simbolic) limit makes sense:

limy,—0 G () limg, 0 G*(2") = 6(z")

Precise definition: Dirac delta

lim fE)G e = [ Fa)3(a)da = F(0)

oo—0 _/\/‘{xo =0}
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These integrals are well-defined:
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Definition of Dirac delta:

lim fEG () = | )00 = 0

o0—0 JN{20=0}

These integrals are well-defined:

0\ 2/ -.0N 7.0
/N’{a:o_o} f(a)G (") dz” [Af{mo_o} f(:l?o)g ($0)d$0 fN{mO_O} F(2")G2(2%)da

These limits are not well-defined: This limit is well-defined:
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The 3DGP becomes:
S R N G T ) v
- 8m \1+ r1z" 1+ koxV M)

2
2 G + T VG + 9GP =0

Redefine interactions: giny = V27 gaop 00

And obtain the limit; ~ 1im giG" = gand(z").
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The 3DGP becomes:
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ﬁ
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Integrating on x°, we obtain the 2DGP equation:
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We reviewed notions of Geometry: We reviewed physics on curved surfaces:

We presented recent results on how geometry can affect
a BEC confined on a surface with only elementary math:

h 2 2
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Oliveira and Moéller, AVS Quantum Science 7, 033203 (2025)



Summary

We reviewed notions of Geometry: We reviewed physics on curved surfaces:

We showed how this affect the understanding
of current bubble-trap experiments:

B=0 =02

We presented recent results on how geometry can affect
a BEC confined on a surface with only elementary math:
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Muito obrigada!

Muchas gracias!

Thank you very much!

Moltes gracies!

Dakujem vel'mi pekne!
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Geometric potential on symmetric ellipsoids
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a/(2r) =5.77(7)  6.86(8) 7.13(8) 7.34(8) 7.40(8) 7.44(8) 7.54(8)

7.68(9) kHz/pm

Y. Guo, E. M. Gutierrez, D. Rey, T. Badr, A. Perrin, L. Longchambon, V. S.
Bagnato, H. Perrin, and R. Dubessy, New J. Phys. 24, 093040 (2022).




Curvature of this curve: k

Sectional curve:

Principal (extrinsic) curvatures:

Ki =MINK, K, =Maxk
K1 +K2

| A Mean curvature (also "extrinsic"): H = >

Gaussian (Intrinsic) curvature: K = ik,

1gure. Lla VaS' Noteg

The Gaussian curvature is an inherent property of the surface.
It is a two-dimensional geometric property.

We still need the normal vectors to compute the principal curvatures and mean curvature.
They are three-dimensional geometric properties.



BEC on a bubble trap with dual species

Recent experimental attempts using dual species (2022):
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F. Jia, Z. Huang, L. Qiu, R. Zhou, Y. Yan, D. Wang, Expansion dynamics of a shell-shaped Bose-Einstein condensate,
Phys. Rev. Lett. 129, 243402 (2022)



S - ) * Consider the Gaussian normal coordinate system,
parallel surfaces and metric;

ot 2m

|

(hf;_}_%vgpd)%emcpwﬂtwgmmzb  Consider confinement potential and appropriate limits;

« Consider general ansatz and perform perturbative expansion: eSo("»#"2%)+51(?,z%,2%)+..

 Fisrt order: we find that e is a square root of Gaussian: G(z°) —— (2’ 2t 2?)

G()op(a, 2%)
\/(1 + k129) (1 + Kox0)

« Second order: we find a general form for e°1 = :

 Third order: we obtain 3D equation for .
« To find a 2D equation for ¢ we must deal with Dirac deltas appropriately.

« Finally, we integrate the 3DGP on the x° variable, yielding the 2DGP.



