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A mathematical object to 

which we can associate 

notions such as length 

and curvature.

Surface:

A two-dimensional 

manifold that is 

embedded in ℝ3

It can be always 
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but it is not needed.
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spacetime tells matter how to move.

To describe a curved Universe, we 

need the concept of manifold, 

since there is no outside.

It makes no physical sense to embed a 

4𝐷 spacetime into ℝ𝑛 .

Although mathematically it is ok. 

Figure: Wikipedia.
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First experiments (2004):

O. Zobay and B. M. Garraway, PRL 86 1195 (2001)

Theoretical proposal (2001):

Y. Colombe, E. Knyazchyan, O. Morizot, B. Mercier, V. Lorentand, 

and H. Perrin, EPL 67 593 (2004)

Y. Colombe, B. Mercier, H. Perrin, and V. Lorent, 

J. Phys. IV 116, 247 (2004).



BEC on a bubble trap

Recent experiments in space (2021):Theoretical proposal (2001):

O. Zobay and B. M. Garraway, PRL 86 1195 (2001)

R. A. Carollo, D. C. Aveline, B. Rhyno, S. Vishveshwara, C. 

Lannert, J. D. Murphree, E. R. Elliott, J. R. Williams, R. J. 

Thompson, N. Lundblad, Nature 606, 281 (2022)
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Curvature of a curve: 𝜅 =
1

𝑅
Curvature measures how fast the 

normal vector changes:

Figure based on: https://math.libretexts.org/
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Principal curvatures:

Gaussian curvature:

𝜅1 = min 𝜅,       𝜅2 = max 𝜅

𝐾 = 𝜅1𝜅2

there is no need to use normal vectors

to derive the Gaussian curvature.
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• We summarize each section at its beginning and ending;

• We highlight key equations that allow the flow of reading;

• We use only basic Math: 

o Differential and Integral Calculus;

o Basic notions of Dirac delta.
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The 3DGP becomes:

Integrating on 𝑥0, we obtain the 2DGP equation:
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Summary

We reviewed notions of Geometry: We reviewed physics on curved surfaces:

We presented recent results on how geometry can affect 

a BEC confined on a surface with only elementary math:

We showed how this affect the understanding 

of current bubble-trap experiments:
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Muito obrigada!

Ďakujem vel'mi pekne!

Thank you very much!

Muchas gracias!

Moltes gràcies!
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External potential on oblate ellipsoid

Y. Guo, E. M. Gutierrez, D. Rey, T. Badr, A. Perrin, L. Longchambon, V. S. 

Bagnato, H. Perrin, and R. Dubessy, New J. Phys. 24, 093040 (2022).



Intrinsic and extrinsic curvatures

The Gaussian curvature is an inherent property of the surface.

It is a two-dimensional geometric property.

We still need the normal vectors to compute the principal curvatures and mean curvature. 

They are three-dimensional geometric properties.

Curvature of this curve: 𝜅

Principal (extrinsic) curvatures:

Gaussian (intrinsic) curvature:

𝜅1 = min 𝜅,       𝜅2 = max 𝜅

𝐾 = 𝜅1𝜅2

Sectional curve:

Mean curvature (also "extrinsic"): 𝐻 =
𝜅1 +𝜅2
2



BEC on a bubble trap with dual species

F. Jia, Z. Huang, L. Qiu, R. Zhou, Y. Yan, D. Wang, Expansion dynamics of a shell-shaped Bose-Einstein condensate, 

Phys. Rev. Lett. 129, 243402 (2022)

Recent experimental attempts using dual species (2022):



• Fisrt order: we find that 𝑒𝑠0 is a square root of Gaussian:

Overview
• Consider the Gaussian normal coordinate system, 

parallel surfaces and metric;

• Consider confinement potential and appropriate limits;

• Third order: we obtain 3D equation for 𝜓. 

• To find a 2D equation for 𝜙 we must deal with Dirac deltas appropriately.

• Finally, we integrate the 3DGP on the 𝑥0 variable, yielding the 2DGP.

• Consider general ansatz and perform perturbative expansion:

• Second order: we find a general form for 𝑒𝑠1 = 𝜓:


